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1. Introduction

Recentlythe presentauthorsconsideredquantumdeformationsof the D = 4
Poincaréalgebrarefs. [1—41obtainedby the contractionof a real form of the
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quantumanti-deSitter algebraUq (0(3,2)). The methodwasbasedon finding
the deformationof the Cartan—Weylbasis,with generatorsself-conjugatewith
respectto involutive homomorphisms(involutions) describingthe real struc-

ture. In ref. [2] we consideredall inner involutions of the Cartan—Weylbasis
for Uq(Sp(4;C)).We found in ref. [2] that only two of them (out of sixteen)
provideexamplesof real formsof Uq (Sp(4;C)) suitablefor ourcontractionpro-

cedureto the quantumPoincaréalgebra#l . Unfortunatelythesetwo real forms
weredescribedby nonstandardinvolutions (ones-involution, usedin ref. [11,
andone v-involution listed in ref. [2]) #2

The standard+-involution should be an antiautomorphismin the algebra
sectorandan automorphismin the coalgebrasector [5—7],

(al’a2)~=a~at, (A(a))~=A(a~). (1.1)

In orderto introducethe standardinvolution definingthereal form of Uq (Sp(4))

suitable for our contractionprocedurewe are forced to considerthe involu-
tionswhich takeusoutof the Cartan—Weylbasis.#3 It appearsthat oneshould
considerthe antipode-extendedCartan—Weylbasis{h1, e±1,e±A,S(e±A) }, where
{h1, e±,}describeCartan—Chevalleygenerators,andC±Adescribethegenerators
correspondingtononsimpleroots(forSp(4): i = 1,2; A = 3,4). Insuchacase
the relationsexpressingphysicalrealgenerators(in ourcaseq-deformed0(3,2)
generators)in termsof the antipode-extendedCartan—Weylbasiscontainsad-
ditional freedom(in our casewe express10 physicalgeneratorsin termsof 14

generators).In this paperwe shallmakea choicewhichafter the contraction#
4

(we recall that q is real)

R-÷x, Rlogq—*K1 (O<1c<Dc) (1.2)

providesa new quantum (K-deformed) Poincaréalgebra,with standardreal

structure.
Wewould like to pointoutherethat thecontractionlimit of LJ~(0(3, 2)) given

in ref. [11 after a suitablenonlineartransformationof the K-deformedboost
generators(see ref. [10]) provides the simplified form of the real quantum
Poincaréalgebra.Interestinglyenough,the contraction limits in ref. [1] (for

I~I= 1) andgiven in this paper (q real), which look quite different, turn out
aftersuitablenonlineartransformationsto be relatedsimply by the replacement
K —~ 1K. It shouldbe stressed,however,that in this paperwe avoid at leastthree

~ We requiredin refs. [1—31that the nonrelativistic0(3) rotations as a quantumsubalgebraof
the quantum Poincaréalgebraremainsundeformed.

#2 We usethenotation describedin ref. [2].

~ In fact, these inner involutions of U~(Sp(4;C))were consideredin ref. [2] (see ref. [2],
formula (3.22)) but becausethey were not inner in the Cartan—Weyl basis they were not
elaborated.

~ The contraction(1.2) was firstly introducedby the Firenzegroup [8,9].
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difficulties relatedwith nonstandards-involutionsusedin our earlierwork on
real Poincaréalgebras(seerefs. [1,5], alsoref. [10]), namely:

(i) Thereality conditionfor the coproduct(A’ = to 4)

(A(a))® = A’ (as) (1.3)

impliesthattherealspectrumofthealgebrabecomescomplexon tensorproducts
(e.g., the total three-momentumof the two independentsubsystemsbecomes
complex).

(ii) If onewishesto definee~-involutionas anadjoint operationin the repre-
sentationspace x) endowedwith scalarproduct(x’~x)it shouldbedefinedon
the tensorproduct x1,x2) = xi) ® x2) as follows:

(xc,x~x1,x2)= (X1IX2)(X2IXI). (1.4)

The scalarproduct (1.4) is not positivedefinite.
(iii) It is not knownhow to describethe dual objectsto e~-realquantumLie

algebras,which woulddescribestandardreal quantumgroups.
It shouldbeaddedthatat presenttwoversionsof q-deformedPoincaréalgebra

were proposed:
(1) The onediscussedin this paper, with commuting four-momentaand

Lorentzgeneratorsnot forming a quantumsubalgebra(seerefs. [1—4]).
(ii) The onewith the four-momentaforming a quadraticalgebraand the

Lorentz generatorsforming a quantumsubalgebra.Such a structurewas ob-
tainedfrom q-deformationof the D = 4 conformalalgebra [11,12] or from the
realizationof q-differential calculuson q-deformedMinkowski space[13].

The first approachhas its advantagethat the q-Poincaréalgebrais a genuine
Hopfalgebra,with coproductsembeddedin the tensorproductof q-Poincaré
envelopingalgebras.The secondapproachleadsto the desirablepropertythat
the q-Lorentzalgebrais aHopfsubalgebra,but it is rathera quantumWeyl than
a quantumPoincaréalgebra (eleventhscalinggeneratoris neededfor defining
the coproductsfor ten q-Poincarégenerators).

2. Standard real quantum algebras Uq(O(
3,2))

Firstly we recall the basic formulae defining the Cartan—Weyl basis of
Uq(Sp(4;C)) [1,2]. Introducing the symmetrizedCartan matrix for the Lie
algebraC

2 Sp(4),

= (~_l) (2.1)
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the quantumLie algebra Uq (Sp(4; C)) is describedby the following Cartan—
Chevalleygenerators,correspondingto the simpleroots of C2 (i = 1, 2):

[e,,e1] = ~ [hj]q

[h1,e~1]=

[h1,h1]= 0, (2.2)

restrictedby the following q-Serrerelations:

= 0,

[e±2, [e+2,e±1]~]~-+, = 0, (2.3)

where [e0,ep ]~- e,,ep — epe,,, Thecoproductandantipodesaregiven by
the formulae

4(h1) = h1®I + I~h1,

A(e±1)= e±1®k1+ k~®e±1, (2.4)

wherek = qh~/
2and

S(h
1) = —h1, S(e~1)= (2.5)

whered, = (1,2).

The Cartan—Weylbasisis definedas follows:
e3 =e1e2—qe2e1, e3 = e_2e_1

e4 = [e1,e3] , e_4 = [e_3,e1] . (2.6a)

Introducing

e3 = e2e1— qe1e2, £‘3 = e~1e_2q’e~2e_1,

= [ë~3,e1], ~‘~4 = [e_1,~13], (2.6b)

the formulaefor the antipodetakethe form

S(e±3)= q±
3/2~~

3 S(e±4)=

S(~~3)= q~
312e~

3, S(~±4)= ~q~
2e~

4. (2.7)

The 14 generatorsh,e~,(i = 1, 2) ande±A,ekA (A = 3. 4) form the antipode-
extendedCartan—Weylbasis.

Onecanintroducethefollowing classof standardinvolutions,satisfying(1.1):
(i) ~l= 1 (A~ 4+~2 = = I):

k1+ = —p h~=

e~1= Ae±1 e~2= F e±2,

e~3= —~~(q~e~3e~4= cqhle~4. (2.8a)

It hasbeenshownin ref. [2] that therealquantumPoincaréalgebrasobtainedby
contractionof real formsof Uq(Sp(4;C))will containan undeformed0(2,1)
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subalgebra.Sucha real form is suitablefor the descriptionof the quantumde-
formation of the D = 3 conformalalgebra(seeref. [14]).

(ii) q real (z1~ 4T;,~
2= = 1):

h~= h —f k
1+ =

= Ae~1 e~2= F

e~3= F)~q±Ie~3 e÷+4= �q~e~4. (2.8b)

The involutions (2.8) can be relatedwith the classof ~-invo1utions consid-
ered in refs. [1,2] (and in particular with the one consideredin ref. [11) if
we introducethe complex linear morphismQ of the UqSp(4;C)Hopf algebra,
replacingq by q~,i.e.,#

5

Qe
1 = e, Qh1 = h,,

Q: Qe±3= q+l~~3, Qe±4=

Qq = q’. (2.9)

BecauseQ is a e-involution [see (1.3)] we have + = Q o ~.

It can be shown that the involutions (2.8b) for A = F = 1 describethe

standardrealHopfalgebraUq(O(S)),for F = —A = 1 oneobtainsthe standard
real Hopf algebra Uq(O(

4,1)), and the remainingtwo choices(A = F = —l

andA = —c = 1) providerealstandardHopf algebrasUq(O(3,2)). It appears
that for our purposeonly the choice A = —c = 1 in (2.8b) is a proper one,
providing after the contractiona quantumPoincaréalgebrawith undeformed
0(3) rotations.This choicecan be obtainedby the multiplication by Q of the
+-involution usedin ref. [1]. Onegetsthe following standard+ -involution:

el+ = c_i, e
2~=

= q~3, e~= —q~4. (2.10)

Becausefor q = 1 the morphism (2.9) describesan identity transformation,

it follows from ref. [I] that the real form defined by the involution (2.10)
describesthe deformationof the 0(3,2) Lie algebra,with the metric ~AB =

diag(—l, 1,1,1,—l ).
It should be mentionedthat the q-deformedgeneratorsMAB, satisfyingthe

conditionM.4B = M~B,canbeintroducedin manywaysnotnecessarilyleading

to the Jacobiidentitiesfor the contractedquantum Poincaréalgebra.We have
performedthe calculationsfor the following choiceof the Cartan—Weylbasisfor
Uq(O(

3,2)) (q real):

M
3 = M12 = h1, M±= Al23 + iM31 =

L3 = M34 = —(l/’/~)(q’
12e

3+

#5 We found the morphism (2.9) denotedby a in ref. [15], p. 37.
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L+ = M14 + iM24 = e4 + e_2,

= M14—iM24 = —(e2 + q~4),

RP0 = M04 = h3, RP3 = M03 = (i/~/~)(qi+’/

2~

3 q”
2e

3)

RP~= R (P2 + iP1) = M02 + iM01 = e2 —

RP_ = R(P2—iP1) = M02—iM01 = e4—e,. (2.11)

Becausein the definitions (2.11) the generatorse3, e4 enterin order to cal-
culatethe quantumalgebraof the generators(2.11) oneshouldsupplementthe
algebrasatisfiedby the generatorsh,e±1(i = 1,2), e~3ande~4(q-deformed
Cartan—Weylbasisof Uq(Sp(4;C)) [1,2]) by the additional relationsfor the

generators(2.6b).We have

[e3,e3] = (q’ — q)qhle 2e2+ (q — q_i)q_h2eiei

+ qhI~h2 — [h1 + h2 + 1],

[e3,~4] =(q—q~)(q— 1)q_h2e
2iei

+ (1 — q2)q~e
2~3+ q~q_h3e_i,

[e4,i_3] =(q_q_i)(q_l — l)q~2eie~

+ (q

2 — 1 )qhle
3e 2 — q_iq_h3ei

[e4,~_4] =(q_q_i)(q_i_l)q_h2{qe~1e~_e_1e~e1}

+ (q
1 q)qhIe

3~3+ (1 _q
2)q2hIe

2e2

+ (q — q~’)q
2hle

2e2 + (q
1 — q)qhl_h2c

(2.12)

The commutationrelationsfor two tilde generatorscan be obtainedfrom the

formulae in ref. [1] by the actionof the antipode,e.g.,

[e
3,e4]= —q

712S([e
3,e4]) = q

712 (1 — q) S (e
4e3) = (q — 1) C3C4. (2.13)

Calculationof coproductsfor physicalgeneratorsrequiresthe knowledgeof
the following formulae:

4 (~)=~®qh3/
2 + qh312®~3+ (q~’ q)q_h112e

2®eiqh2/
2,

4 (~~)=e
3 ® q3/ + q~”

2 ® e
3 — (q~

1— q)q_h212e i ®

4 (~)=e
4 ® qh4!

2 + q_h4/2 ® e
4 + (q q

1)

x { (1 — q~1)q_hle
2 ® e~qh2/

2— q_hi/2~
3 ®

4 (~) =e4 ® q4/
2 + q_h4/4 ® C_

4 + (q — q~

1)

x {(q — l)q~2/2e2
1®e_2qh + q~’

2e
1 ®~3qhII

2}
(2.14)
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3. The contraction to the standard real quantum Poincaréalgebra

In orderto obtainthe standardreal K-Poincaréalgebrawe proceedfurtheras
follows:

(i) Using the formulaefor the commutatorsandcoproductsof the antipode-
extendedCartan—Weylbasis andthe deformations(3.11) we can write theq-
deformationof the 0(3,2) Lie algebraas well as the coproductrelationsfor the
q-deformed0(3,2) generators.

(ii) We performfurther the quantumde Sittercontraction,obtainedby the
conventionalrescalingof the 0(3,2) rotationgenerators,

M,~unchanged (M,~= ~

M4~=RP~ (P=P~j, (3.1)

andthe q —* 1 limit described by (1.2).
As a resultwe obtainthe following q-deformedPoincaréalgebra:
(a) Three-dimensional0(3) rotations (Al~= Al1 + iM2 Al23 + iM31

M3 = M12);
(i) commutationrelations:

[M~,Al] = 2M3, [M3,M±] = +M~ (3.2a)

(ii) coproducts:

4M1=M,®I+I®Mt; (3.2b)

(iii) antipode:

S(M1) = —Al,. (3.2c)

(b) Boostssector0(3, 1) (L~= Al14 + iAl24, L3 = Al34);

(i) commutationrelations:

[L~,L] —2Al3cosh(Po/K)+

+ —~M3P?— sinh(Po/K),

[L~,L3] =e_P0IKM+ + (iP3L~+ L3P_)

- ~M3P3P + (2- i)P3P_,

[L,L3] = _e~0IKM + ~(iL_P3—P~L3)

— ~-~-~P3P~M3— ~-~-~(2+ i)P3P~, (3.3a)
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[M3,L3] = 0, [M3,L±] =

[M~,L~] = +~Al±P~,

[M~,L] = 2L3 — ~ + ~Al3P3 +

[M,L~] = -2L3 + ~MP + ~P3M3 -

+

[Al_,L~] =L—~P~M3 + ~P~ (3.3b)

(ii) coproducts:

AL3 = L3 ® ePo/
2K + e_~2K® L

3 + ~e_P0/2K (Al ® P~+ M ® It)

4L~= L~® eP0/

2K + e~0/2K® L~+ ~ (p~® M
3CP0/

2K — e_Po/2KM
3® P~)

+
1e o/2KAl ® P

3
(3.3c)

(iii) antipode:

S(L3) = —L3 + ~P3 + (M+P+ + MIt),

S(L~)= —L±+
1PT+~M+P

3. (3.3d)

(c) Translationssector (P~= P2 + iP1, P3, P0 );
(i) commutationrelations:

[F~,P~] = 0 (p,v = 0,1,2,3),

[M1,P1] = 1F,jkPk, [M,,P0] = 0, (3.4a)

[L3,P0] = iP3, [L3,P3] = iKsinh(Po/K) —

[L3,P2] = ~ [L3,P1] =

[L~,P0] = iP1+P2, [L~,P2] = +Ksinh(Po/K)+~ ~?,

[L~,P3] = +~ P3P~, [L~,P1] = iKsinh(Po/K) + ~P~ (3.4b)

(ii) coproducts:

4P0 = P0®I + I® Po,

APi = Pi®eI~I
2~c+ e0/21c®Pi (i = 1,2,3); (3.4c)
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(iii) antipode:

S(P~)= —Pu. (3.4d)

Following ref. [10] we introducea nonlineartransformationof the boostgen-
erators,

L + = L + + ~- M~P3 - P~,

L = L_±~P3Al__P+,

L3 = L3-~(Al+P++PM)+~P3, (3.5)

simplifying the K-Poincaréalgebrasubstantially.The newboostssatisfy the fol-
lowing relations:

[M1,L1] = iFIJkLk,

[Po,Lk] = —iPk, [Pk,LJ] = —iKôklsinh(Po/K),

[L1,L1] = —~�ikj(Mkcosh(Po/K) — ~ (P.M)) . (3.6)

It is interestingto observethat the algebra(3.6) differs from the oneobtained
in ref. [10] only by the replacementK —~ iic. The sameholdsfor the coproduct

formulae,

4(L1) —~® e~°~+ e~0/
2K0

+ ~~1jk (~1® MkeP0!2K — e_P0t2KAlj ® Pk) . (3.7)

The coproducts (3.7) which satisfy the relation (1.1) permit us to define the
tensorproductrepresentationsin Hubertspace.For completenesswe give also

the antipodes:

S(L
1) = -L1 + ~-P1. (3.8)

4. The Casimirs and the K-deformed Heisenberg—Poincaréalgebra

One can constructthe quantum deformationof the quadraticCasimir, de-
scribing the quantumrelativistic masssquareoperator.Onegets

C1=P,
2+P~+P~+2K2[1—cosh(Po/K)]=P2—[2Ksinh(Po/2K)]2.(4.l)

It should be mentionedthat recently the D = 4 masssquareCasimir was
proposed in refs. [9,16] as the extension of the results obtained for D = 3
Poincaréalgebra.We cansay thereforethat the deformedsquaremassformula
of refs. [9,16] finds full theoreticaljustification in this paper.
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The secondCasimir canbe obtainedby introducingthe K-deformedPauli—

Lubanskifour-vector

= P . M,

Wk = KMksinh(Po/K) + FkIJPILJ, (4.2)

whereL1 is definedby formulae (3.5).
Writing the commutatorsof ft~with themselvesand L oneobtainsthe re-

lations, presentedin ref. [10], modified only by the replacementK —‘ iK. The
formula for the secondCasimir takesthe form

C2 = [cosh(Po/K) _P2/4K2] W~—W
2. (4.3)

Let uswrite downthe spinlessrealizationof the K-Poincaréalgebra,for which
P.M = 0#6

(4.4a)
1 0x~

M
1 = FjJkXjPk, L1 = x~P~—x1P0, (4.4b)

where

P0(P0) = K sinh(Po/K) = ~— (caPs — eaP0) , a = !, (4.5)

we seethat we obtain a new type of realizationscontainingderivativesof arbi-
trarily high orders.The K-deformedboostsL1 act explicitly on the scalarfield

/(x, t) as follows: +7

L1~(x,t) = X~(0/3x~)~(x,t) — ~KX~(~(X,t + i/K) -~(x,t—i/K)).
(4.6)

We see that a new element occurring in our theory is the symmetric finite

differencederivativein theimaginarytimedirection, representedby theoperator
Po. It shouldbe stressedthat this finite difference derivative is different from
the so-called q-derivative [18] used in the differential realization of Drinfeld—
Jimbo q-deformationsof simple Lie algebras (see,e.g., ref. [19]). Using the
formulae (4.5) onecancalculatethe coproduct

4(P0)=P0(A(P0))= ~(e0P0®e~0_e0P0®e~P0)

= P0®e~°+e~°®~0. (4.7)

Formula (4.7) describingthe Leibniz rule for the finite differencederivative
(4.5) shows clearly that the change of the generator P0 —~ P0 does not eliminate
the presenceof P0 in the coproduct formulae.

#6 The realization(3.8) wasfirstly obtainedindependentlyby P. Zauggandthe Lodz group [10].

We were informed [17] that the realization (4.8) wasextendedby the Lodzgroup to arbitrary
spin.

*7 For the quantumPoincaréalgebragiven in ref. [I] the shift of the time argumentsis real.
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The relations (4.4a, b) can be used for the extension of the K-Poincaré algebra
by covariant four-coordinates ~, satisfying the relation

~ = —ig,~. (4.8)

We obtain

[Al1,X1] = ~ ijk Xk, [Al1,k0] = 0,

[L,,X~] = —i511X0, [L1,X0] = icosh(Po/K) ~. (4.9)

The formulae (4.8), (4.9) extend the K-deformed Poincaré algebra to the
K-deformed Heisenberg—Poincaré algebra. It would be interesting to find the
extensionof coproductformulae [see(3.2b), (3.4c) and(3.7)] promotingthe
K-deformedHeisenberg—Poincaréalgebrato a real Hopfalgebrawith fourteen
generatorsP~,Xi,,M~.

5. Final remarks

The aim of this lecture is to presenta new quantumreal Poincaréalgebra,
with standard reality condition having properties given by (1.1). In such a way
the problemsrelatedto the choiceof +-involution in refs. [1—4]are avoided.
In particular the compositionlaw of two three-momenta leadsto the following
real valueof the total four-momentum[seealso (3.4c)]:

p(l+
2) = P.~’~exp(P~2~/2K)+ p(2) exp(—P~/2K)

= + p(2) + ~(~1)p~2) — p~2)p~)+ 0(1/K2) , (5.1)

with the classical addition formula valid for p~I) ~ K. The existenceof the
coproductimpliesthe existenceof thetensorproductof representations,i.e. one
can pass from irreducible representations in Hilbert space (quantum mechanics)
to the reduciblerepresentationsin Fock space(freequantumfields).

The consequencesof the compositionlaw (5.1) for the three-momentain
classical mechanics and field theory are now under consideration.
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